
204-20212
Recaps F o r m a l i s m f o r Dep Type Theory (using E )

L a s t t i m e : negative types ' IT, I . . I w 1pm l a w s

→ f l a w s f o r cance l l a t i on
e l i m l i n t o

→ y l a v a f o r u n i c i t y : eve ry £ , i s a p a i r ,

eve r y
'IT' i s a 7 .

T h i s t i m e : positives, n o t i o n s o f equality.

Apr 20 - 22 2021 1 of 30



Positive
z e r o : t p .
z c a s e ; A : ( e l (zero) → t p ) → m : I Czero) → e l (Az).
Z e r o - n : A : ( e x t r a ) → top) → m : e l C e r o ) →

f ; ( M : e l (zero) → e l CA m ) →

f =

r n : e l (zero) → e e . c a m y
2- c a s e A m .

plus : Tps Ep → t p .
i n l : a yaan : t p → e l Ca i → e l (plus a . a z )
i n r : e l c a n

c a s e : a y a z . i t p → A : ( e l (plus a , a n → t p ) →

f i : (M i : e l ( a ) n , e l Laf'n l a r a r m , X ) →

f - : ( n z i e l C a d a e l I A ( i n r a , a , m y ) →

m ; e l e p l a c a , a n → e l ( A m ) .
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eg) a t 1 = 2

i f A M M i M z : 1 ¥ p r o v i d e d . - . .

(m )
A could b e i f E f f oz A , A s

i f
-

m Zero tone : i f
-

m N a t 13,0+
0,1

.

NO PHAGE
SEPARATION/DISTINCTION!

- - - -

plus-p-1 : . .
- . .

c a s e a , a s A f , f , ( i n L a , a , m.))
=
e l ( A C i n e a , a , m . ) )

f ' m l . .

p l u s - p - z . I E .
n - l a w s a r e problematic - coproducts
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s e e notes f o r t m , T X (unicity t commuting)

(doesn't s c a l e t o infnitary).
* i f b t t f f = b . M )

* ( i f b m , m ) ( m ) = i f b Cm,'m) ( n . m ) (X)

e t c .

H w : r e a d a r d l a r w r i t e t h r e e
o u t properly.

c t coproduct
u n i v e r s a l c o n d i t i o n s .

-

Apr 20 - 22 2021 4 of 30



n a t : t p IIconsiderml
p m c ' s f o n a t

Z e r o : e l Cna f )

s u c c : e l l n a t l → e l c r a f t .

R e c : A : ( e l Con t i → t p )
→

' b i e l C A ( z o o ) )
→

i s : ( n i e l l n a t ) → e lCA . n l → e l CA Guan.1))-s

' n : et chat) → e t ( A m ) .

ra t - fo : . . . .

r e c A b s 2 0 0 = , a . o )
b

✓

( e t )

"Dependent ' T ' = →
,
N a t "
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÷:÷±÷:±¥'÷iI#⇐ e r a s e r ,

Ida i s d e f ' d t o b e " t h e l e a s t reflexive re la t ion' '.

" least r e l n I , s - t . f o r a l l X E A I a Cx ,x ) . ' '

|ifx=yEAthnIaCx,y
B E G S T H E

o n e s t i o n !

Very susp ic ious :
d e f ' d independently o f A !

- -
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i d : a : t p → e l Cal → e l C a s → t p .

r e f t : a : tp → m : e l Cal → e l C i d a m m )

. E T
" s a m e "

ye. fa: tp-s
m , m ' : I c a ) →

m = , c a ,
m ' → e l ( i d a

mm↳

[Hw: s h o w H G i s e z w r t o o f f i c i a l ]

J : a : tp →

A : ( n . , m z : e l a → e l C i d a m , m , ) → tp.)→

R e . ( X : e l l a )
→ e l ( A x x ( r e f l a x ) ) ) →

m e , m a
'
. e l Cal → p : e l

Cid a m , m a ) →

e l CA m i m o p ) .
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i d - p : ¥ § e a
' i n i -

" h a ' (' = e e C A m m . C r e f l a

"m))
)

✓

case"
R m .

(id-
nip:

a : tp → m . , m z : e l ( a )
→

p , p ' : e l C id
a m . m ) → P Felicia' n ,

m
}( "unicity o f identity proofs" F Y I

T
( A H o t t

Book)

J - - -
- -

: ¥' IdIdamm!P¥
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Guiding picture:

~ ' 'paths" a k a "identifications"
i f m i ¥ ' 2

a ) p i = . . P z p .

b ) mien.
" "Efm.

P z

pypa t Homa ( m i ,
n o t

"mama.cm, m e n ,
3 " s w a m .
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" h c o n picture"

¥÷§⇒±µ C ? I

- ± ,
→

P I

9 -

(
p t.iq#rsy=ttra1
" p ? j ¥ kainite.
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Notice " s a m e graph"

x , y : N a t t ¥ : I d N a t (plus x g ) Gluey x).

(where plus i s de f 'd evidently)

But t h e r e d o e s n o t e x i s t P s t

" s a m e f unc t i on ' '

¥ Ed
N a t - w a t → N a t plus

(pulas o swap)

" t h e fa i l u re o f
f u n c t i o n extensionality

' ' i

- - - -
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"÷÷÷÷÷÷÷÷÷:÷÷÷÷w
⇒

a

Jaltunext (x-p)) = wha t ?

C f

r e o (green)
= ? (green: Nat)
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B r e a k s COMPUTATIONAL AD EQUACY

( a k a CANON 1 4 M )

i f M : 2 t h e n e i t h e r M E t n a : 2

o rMEfdcµ
"accept I n j e c t " .

"funext i s not type s a fe ! "

a y f i n d a e t t o comp. adequacy

using f u n e x t .
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Next u n i v e r s e s

Next' computational mean i ng o f

deep type theory

M ÷ M' E A A ÷ A ' type

⇒ -
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l i n e iian" be thought o f a s

I → At . ie? . .Oun i ti n[O, l ] E R
A

± - ' " " "

' I I I ."III,}i f = (A. X I ) - i A z

#
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} proof-relevantA X A → Type " d a t a f o r t e n t h !

} proof-irrelevantA- + A → Prop i . a t m o s t t r e "(
A x a → 2 . } decide.

Y e e w o .
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%21f.Ipos.me
type. widep. e l i n ' s .

I d e n t i f i c a t i o n Type I d a Cm,N )

I ) r e f l a ( M ) : I d a (M, M ) w h e n M : A

E ) J A B R P i B M N P w h e n

P : I d a M , N ) R : X : A → B x x ( re f t , x )

B) J A B R (reff a M ) E R M : B M M ( re f l a M ) .

( n omitted, a e w i t h other positives)
binary

I d e a : I d a i s t h e l e a s t r e f l e x i v e r e l a t i o n o n A
,

defined u n i i s A . .
B c n )

Fact I P ' - Ida (M , N ) (closed) i f f IMEN.AZ ←

-
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E q u a l i t y
,

'

e q : a : t p
→ on, n : e l a → t p .

r - s e l f . . a : t p → m : I a → I leg a m m ) .

✓ egret: a : t p → o n , n : e l a → p i e c e →

}
M=ee§ a x i o n a l i z e d

extensionally!

equini: a : tp → m i n : d a - s p,p': eiciegarin')-i }'

p =

exeqamn) P' .

(High l ightedame w o r k equality types.)

Exercizedfunctionextensionaligin'theaen
se

,

o f eg t ype .

Facet E T T = l T T l I d t Eg i s a n decidable.
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Interlude

s o f a r t h e only type family
i c I d leg!

1 " i nduct ion"
i f l M; Mo; M . ) : A M

A D F

✓
case i n ; x.tt.; x?Ar)

Last t i m e :

i f ( M ; t h e ; 1 7 1 :
t.fi?;2..;-N.at)#type?

A d h o c : "Large e l i n "

"÷÷±±i#t...
Apr 20 - 22 2021 19 of 30



Universes

a u n i v e r s e i s a type-of-types - t h e e l e m e n t

o f a u n i v e r s e "we" typec

h o w capacious c a n a u n i v e r s e b e ?

→ h o w abou t a l l types
?

U t ype s t i f A # t h e n A E U .

F U G U . [suspicious]
I

W R ONG - C A N DEFINE"Y-combinator" (Howze)

→ s o l i n : stratify u n i v e r s e s

U i i s a t types but
f o r Ui, U i . . - -

es) U . : U . U i : / U . U o
→ U p : 4 , . . .
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- " c o d e s " v s "type C " a s e l e m e n t s

I I I . ±
TEEN t y r e
" e x t e n s i o n " o f t h e "code"

M o f a t y p e .

A : U n : U

X : A X : e x t ( M )

✓
U ; thing i n H a l f

µ ( i ) w o u l d b e s o m e f u n c t o n
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- cumula tu i ty. ( R - W ) .

U i : U i t i hierarchy

U i E K i t , camulat i i ty
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FLIY.at?ffofWmveif
0 : e v e

- t i . :
e v e → e v e .

} s t r a t i f i c a t i o n l e v e e

u : l u l → t p .

e x t : i ¥ ¥ ¥ → t e .

T : i : b l → e e c u i ) → e l l a C i t i ) 1

i t : ÷: e v e
→ e l . l u . C i t i ) ) .

n a t : e l ( u o ) .

p i : i s h e → a i : e l ( n i ) → A , : ( e l l e x t ca . ) )→ era;D
§

→ e l l a i ) .

I
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egg : i : e v e → a : e l l a i t →

m ,
n ' i d c e x t i a ) → e l C u i ) .

i

e x t - U n i : i : l o l → e x t C i t i ) ( T i ) = p
u i

e x t - h a t : e x t 0 n u t
= p n a t

( E x : ext-pi, ext-eg,...)
e x t - c o m : i : e v e → a : e l G u i →

ex t C i t i ) ( T i a ) = p e x t i a] Nd
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Remarks ( c f R -W )

*

i:÷÷....-IT; ( a , A ) : U i

→ /Titi lui, . . .) :¥/ ←
#

> proof-relevant product o f a family

[ i s proof-irrelevant conjunction o f a predicate.

2 . u n i v e r s e s a r e stratified/predicate,
b u t c u m u l a t i v e .
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W-type
- w e l l - f o u n d e d Cinfnitary) t r e e s
- B r o u w e r o r d i n a l s .

s u p . l o l

[¥¥¥t÷÷÷---
zaciiiae.ae
y o u w i s h

sup C.)
"Leafs"

e
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w . I t

2%#two
, ;

. . . ?
@ 8

\
( i s s u e : w h e n

U

a r e t w o s u c hT Aw t I
f e e l A rd e n

I equa l? )

A - i
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Next

computational s e m a n t i c s o f dep type theories
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T a r s k i applied t o F I X ) = ! t ? (monotone)

-

µ F = . . ×MfFCD E X ) } i n a n e !
5 -

"quasi-circular"Na t l & F-closed
- (F-algebra)

F-(Nat) E N a t i e .
'Na' i s E - closed

fvI@txmxDtya.Na'÷
÷€÷⇒ I two
type.
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